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Introduction
Throughout this paper, we assume that R is a commutative Noetherian ring, a an ideal of R, and that M is an R-module. Let t be a non-negative integer. Grothendieck [4] introduced the local cohomology modules H t a (M) of M with respect to a. He proved their basic properties. For example, for a finitely generated module M, he proved that H t m (M) is Artinian for all t, whenever R is local with maximal ideal m. In particular, it is shown that Hom R (R/m, H t m (M)) is finitely generated. Later Grothendieck asked in [5] whether a similar statement is valid if m is replaced by an arbitrary ideal. Hartshorne gave a counterexample in [6] , where he also defined that an R-module M (not necessarily finitely generated) is a-cofinite, if Supp R (M) ⊆ V (a) and Ext t R (R/a, M) is a finitely generated R-module for all t. He also asked when the local cohomology modules are a-cofinite. In this regard, the best known result is that when either a is principal or R is local and dim R/a = 1, then the modules H t a (M) are a-cofinite. These results are proved in [8] and [3] , respectively. Melkersson [15] characterized those Artinian modules which are a-cofinite. For a survey of recent developments on cofiniteness properties of local cohomology, see Melkersson's interesting article [16] . One of the aim of this note is to show that, for a finitely generated module M, the module H t a (M) is a-cofinite whenever the modules H i a (M) are a-cofinite for all i < t and H t a (M) is Artinian. This result, in particular, characterizes the a-cofiniteness property of local cohomology modules of certain regular local rings ( see Remark 2.3(ii)). Next, we assume that R is local with maximal ideal m. We prove that f − depth(a, M), which was introduced in [14] , is the least integer i such that
. This result together with our first mentioned result, in turn yields some interesting consequences. Finally, we extend the non-vanishing Grothendieck's Theorem for a-cofinite R-modules.
The results
The following theorem describes the behaviour of the cofiniteness and Artinian property on local cohomology modules. 
), we can deduce that ker d 0,t r−1 is finitely generated for r sufficiently large. Next, for all r ≥ 3, we have the exact sequence
, our hypothesis give us that E 0,t r−1 is finitely generated for r sufficiently large. continuing in this fashion, we see that E 0,t 2 is finitely generated; and hence it is of finite length.
The following corollary is immediate. Let R be a local ring with maximal ideal m and let M be a finitely generated. Following [9] , a sequence x 1 , . . . , x n of elements of R is said to be an M-filter regular sequence if, for all p ∈ Supp(M)\{m}, the sequence x 1 /1, . . . , x n /1 of elements of R p is a poor M p -regular sequence. For an ideal a of R, the f − depth of a on M is defined as the length of any maximal M-filter regular sequence in a, denoted by f − depth(a, M). Here, when a maximal M-filter regular sequence in a does not exist, we understand that the length is ∞. For some basic applications of these sequences see [2] . Lemma 2.4. Let (R, m) be a local ring and suppose that M is finitely generated.
Proof. Let x 1 , . . . , x n be a maximal M-filter regular sequence in a. If there exists
Next, by assumption on x 1 , . . . , x n , there exists p ∈ Ass R (M/(x 1 , . . . , x n )M )\{m}with a ⊆ p. Now p ∈ Ass R (Hom R (R/a, M/(x 1 , . . . , x n )M)); and hence p ∈ Ass R (Ext Proof. Since H t m (M) is an a-torsion module, by [13, Theorem 1.3] , it is enough to prove 0 : H t m (M ) a is Artinian. Let Φ(−) denote the composite functor Hom R (R/a, H 0 m (−)). We get a spectral sequence arising from the composite functor as:
Now, we use induction on j (with 0 ≤ j ≤ t) to show that E is Artinian. This complete the inductive step.
In particular E 0,t 2 is Artinian. In the next result, we will use the concept of attached prime ideals. For more details in this subject the reader is referred to [10] or the appendix to §6 in [12] . Proof. Firstly note that, in view of the hypotheses, 0 : M a is a finitely generated R-module of dimension n. Now, we prove the theorem by induction on n(≥ 0). If n = 0, then 0 : M a is Artinian; and hence, by [13 
